
BUSEMANN-PETTY PROBLEM

1. Wording

Problem ([3]). Given two convex bodies K and L in R
n centered at the origin such

that every central hyperplane section of K has an area less than or equal to the area
of the section of L by the same hyperplane, does it follow that vol(K) ≤ vol(L)?

Answer. The answer is positive for n ≤ 4, negative for n > 5.

Final step given in [23].
The dual problem, known as Shepard’s problem, is the corresponding problem

replacing the areas of sections by areas of projections on hyperplane. It was solved
independently by Petty and Schneider ([18] and [19]).

2. History: examples and counter-examples

(1) Busemann [5] and [4]
(2) Larman & Rogers [14]
(3) Ball [1] and [2]

3. Better context, conditions for a positive answer

(1) Definitions of dual mixed volumes and intersection bodies in [15] as well as
an “almost characterization” of bodies giving a positive answer.

(2) Generalizations of intersection bodies in [7] and [20]. Complete characteri-
zation for a positive answer in [20].

4. Final solution

(1) R
3: [8]

(2) R
4: [21], [12] and [23]

5. Fourier analytic viewpoint

(1) Short version: [9]
(2) Detailed version: [13]

6. Different generalizations

(1) Intersection body and intersection body of a starshape body: [20]. See also
[24] and [6] for the case of polytopes.

(2) Sections by planes with higher codimensions: [10], [22], [16] and [17].
(3) Complex Busemann-Petty problem: [11]

References

[1] Keith Ball. Cube slicing in R
n. Proc. Am. Math. Soc., 97:465–473, 1986.

[2] Keith Ball. Some remarks on the geometry of convex sets. Geometric aspects of functional
analysis, Isr. Semin. 1986-87, Lect. Notes Math. 1317, 224-231 (1988)., 1988.

[3] H. Busemann and C.M. Petty. Problems on convex bodies. Math. Scand., 4:88–94, 1956.
[4] Herbert Busemann. Corrections to ”Volumes and areas of cross-sections”. Am. Math. Mon.,

67:671, 1960.
[5] Herbert Busemann. Volumes and areas of cross-sections. Am. Math. Mon., 67:248–250, 1960.
[6] Stefano Campi. Convex intersection bodies in three and four dimensions. Mathematika,

46(1):15–27, 1999.

1



2 BUSEMANN-PETTY PROBLEM

[7] R.J. Gardner. Intersection bodies and the Busemann-Petty problem. Trans. Am. Math. Soc.,
342(1):435–445, 1994.

[8] R.J. Gardner. On the Busemann-Petty problem concerning central sections of centrally sym-
metric convex bodies. Bull. Am. Math. Soc., New Ser., 30(2):222–226, 1994.

[9] R.J. Gardner, A. Koldobsky, and T. Schlumprecht. An analytic solution to the Busemann-
Petty problem on sections of convex bodies. Ann. Math. (2), 149, No.2:691–703, 1999.

[10] A. Koldobsky. A functional analytic approach to intersection bodies. Geom. Funct. Anal.,
10(6):1507–1526, 2000.

[11] A. Koldobsky, H. König, and M. Zymonopoulou. The complex Busemann-Petty problem on
sections of convex bodies. Adv. Math., 218(2):352–367, 2008.

[12] Alexander Koldobsky. Intersection bodies in R
4. Adv. Math., 136(1):1–14, 1998.

[13] Alexander Koldobsky. Fourier analysis in convex geometry. Mathematical Surveys and Mono-
graphs 116. Providence, RI: American Mathematical Society (AMS). vi, 170 p., 2005.

[14] D. G. Larman and C. A. Rogers. The existence of centrally symmetric convex body with
central sections that are unexpectedly small. Matrhematika, 22:164–175, 1975.

[15] Erwin Lutwak. Intersection bodies and dual mixed volumes. Adv. Math., 71(2):232–261, 1988.
[16] Emanuel Milman. Generalized intersection bodies. J. Funct. Anal., 240(2):530–567, 2006.
[17] Emanuel Milman. Generalized intersection bodies are not equivalent. Adv. Math.,

217(6):2822–2840, 2008.
[18] C.M. Petty. Projection bodies. Proc. Colloq. Convexity, Copenhagen 1965, 234-241 (1967).,

1967.
[19] Rolf Schneider. Zu einem Problem von Shephard über die Projektionen konvexer Körper.

Math. Z., 101:71–82, 1967.
[20] Gaoyong Zhang. Centered bodies and dual mixed volumes. Trans. Am. Math. Soc.,

345(2):777–801, 1994.
[21] Gaoyong Zhang. Intersection bodies and the Busemann-Petty inequalities in R

4. Ann. Math.
(2), 140, No.2:331–346, 1994.

[22] Gaoyong Zhang. Sections of convex bodies. Am. J. Math., 118(2):319–340, 1996.
[23] Gaoyong Zhang. A positive solution to the Busemann-Petty problem in R

4. Ann. Math. (2),
140, No. 2:435–447, 1999.

[24] Gaoyong Zhang. Intersection bodies and polytopes. Mathematika, 46(1):29–34, 1999.


